Abstract. We introduce the concept of monomial ideals with stable projective dimension, as a generalization of the Cohen-Macaulay property. Indeed, we study the class of monomial ideals I, whose projective dimension is stable under monomial localizations at monomial prime ideals p, with height p ≥ pd S/I. We study the relations between this property and other sorts of Cohen-Macaulayness. Finally, we characterize some classes of polymatroidal ideals with stable projective dimension.
Introduction
Throughout the paper, S = K[x 1 , . . . , x n ] denotes the polynomial ring in n indeterminates over an arbitrary field K. Let M be a finitely generated graded S-module. Then 
but S/I is not Cohen-Macaulay. The main interest in this paper, is to study the class of monomial ideals I, with property (2) . In other words, we study the class of monomial ideals I whose projective dimension is stable under monomial localizations at monomial prime ideals p, with height p ≥ pd S/I. In this case, I is said to have stable projective dimension (cf. Definition 1.7). This class contains all monomial ideals I, where S/I is a Cohen-Macaulay ring (cf. Proposition 1.8). Indeed the set of monomial ideals with CohenMacaulay quotient rings, is precisely the set of monomial ideals I with stable projective dimension such that Ass(S/I) = Min(I) (cf. Proposition 1.17). Taking into account that the monomial localization is a simple operation which turns out a monomial ideal in a smaller polynomial ring, the class of ideals with some stable algebraic properties under monomial localizations, have significant role in monomial algebra.
Beginning in Section 1, we study Ext n−t (M, S), where M is a finitely generated graded S-module with depth(M) = t. Expressing Supp(Ext n−t (M, S)), as the set of prime ideals p ∈ Supp(M) with pd M p = pd M, we specify when the equality holds in (1). Then we discuss the relations between the property of having stable projective dimension, and some weaker sorts of Cohen-Macaulayness. Several examples are included to indicate that the set of monomial ideals with stable projective dimension, is disjoint from the set of monomial ideals I, where S/I is generalized Cohen-Macaulay or sequentially Cohen-Macaulay, and non of them contains the other. More over, it is shown that a monomial ideal I, where S/I is a generalized Cohen-Macaulay ring, has stable projective dimension if and only if, either S/I is Cohen-Macaulay or depth S/I = 0 (cf. Proposition 1.12). Section 2, is devoted to characterizing some classes of polymatroidal ideals who have stable projective dimension. We show that polymatroidal ideals generated in degree 2 with at least one pure power and Veronese type ideals have stability property of projective dimension. We also characterize transversal polymatroidal ideals with this property.
Several explicit examples are provided along the paper to illustrate the property of having stable projective dimension. Many of them have been computed by using CoCoA [1] .
Stability of projective dimension under localizations
In this paper, we consider the natural grading on the polynomial ring S = k[x 1 , . . . , x n ] and all S-modules are graded. We use several times the Auslander-Buchsbaum formula [6, A.4.3] , saying that pd(M) + depth(M) = n, for all finitely generated graded S-modules M. We start with the following easy lemma, that is a crucial point in our approach. Lemma 1.1. Let M be a finitely generated graded S-module with depth M = t. Then
Proof. By the Auslander-Buchsbaum formula, pd M = n − t. Since, pd M p ≤ pd M for any prime ideal p of S, Ext n−t (M p , S p ) = 0 precisely when pd M p = pd M. This provides the first equality. The inequality, follows from the fact that pd M p = height p − depth M p .
The following result, specifies when the equality holds in (4). Proposition 1.2. Let M be a nonzero finitely generated graded S-module. Then the following statements are equivalent.
Proof. 
If pd
By stability property of projective dimension, p ∈ Supp Ext n−t (M, S), consequently J ⊆ p, a contradiction. Hence pd M ≥ height J and so
which completes the proof. The monomial localization of a monomial ideal I ⊂ S with respect to a monomial prime ideal p is the monomial ideal I(p) ⊂ K[x i : x i ∈ p] which is obtained from I by substituting the variables x i ∈ p by 1. Remark 1.4. Let p be a monomial prime ideal containing the monomial ideal I. Then I(p) is the unique monomial ideal with the property that I(p)S p = IS p . For a polynomial f ∈ S, let f (p) denote the polynomial in S(p), obtained from f by substituting the variables x i ∈ p by 1. If I is an ideal in S generated by monomials u 1 , . . . , u r , then I(p) is the monomial ideal generated by
As v i is an invertible element in S p , it is not difficult to see that depth(S/I) p = depth S(p)/I(p) and dim(S/I) p = dim S(p)/I(p). In particular pd(S/I) p = pd S(p)/I(p).
The following example, shows that the converse of Corollary 1.3 is not true. 
We may also see that depth Ext 3 (M, S) = 1, using computations by CoCoA [1] .
If pd M = pd M p only for monomial prime ideals p, with height(p) ≥ pd(M), that is a finite set, then we don't necessarily get the statement (b) in Proposition 1.2. Here is an example:
. Then dim M = 2, depth M = 1 and pd(M) = 2. Let p = m be a monomial prime ideal in Supp(M), with height(p) ≥ 2. Then p ∈ Ass(M) and so pd(M p ) = 2 − depth(M p ) = 2. But it does not hold for the non-monomial prime q = (x, y + z).
In the sequel, we consider stability property for monomial ideals with localization in monomial prime ideals. In other words, we are interested to study the class of S-modules, which intersecting the sets in (4) with the set of monomial ideals, the equality holds. Definition 1.7. A monomial ideal I ⊂ S has stable projective dimension if pd S/I = pd S(p)/I(p) for all monomial prime ideals p ∈ V * (I) with height p ≥ pd S/I.
Note that a monomial ideal I has stable projective dimension if and only if
where t = depth S/I. Proposition 1.8. Let I ⊂ S be a monomial ideal. Then the following conditions are equivalent:
In particular, if S/I is Cohen-Macaulay, then I has stable projective dimension.
Proof. (a) ⇒ (b): Since S/I is Cohen-Macaulay, then S(P )/I(P ) is Cohen-Macaulay for all P ∈ V * (I). Therefore
We choose P ∈ V * (I) such that height P = n − dim S/I. Then we get n − depth S/I = pd S/I = pd S(P )/I(P ) ≤ height P = n − dim S/I.
It follows that depth S/I = dim S/I. In other words, S/I is Cohen-Macaulay. Corollary 1.9. All monomial ideals in S of height n − 1, have stable projective dimension.
Proof. Let I ⊂ S be a monomial ideal of height n−1. So either depth S/I = 0 or depth S/I ≥ 1 = dim S/I. Hence either depth S/I = 0 or S/I is Cohen-Macaulay. So by proposition 1.2, I has stable projective dimension.
For a monomial ideal I, the ring S/I is called generalized Cohen-Macaulay, if (S/I) p/I is Cohen-Macaulay for all prime ideals p ∈ V (I) \ {m}, and I is equidimensional, i.e. dim(S/p) = dim(S/I) for all p ∈ Min I. Let I be a monomial ideal of S, then the ring S/I is generalized Cohen-Macaulay precisely when I is equidimensional and the ring S(p)/I(p) is Cohen-Macaulay for all monomial prime ideals p ∈ V * (I) with p = m (cf. [3, Lemma 4.1]).
Example 1.10. Let I be the ideal in Example 1.6. Then I has stable projective dimension, but S/I is not generalized Cohen-Macaulay, because I is not equidimensional.
. Therefore, I does not have stable projective dimension. Since, any monomial prime ideal p ∈ V * (I) \ {m} contains only one of (x 1 , x 2 ) or (x 3 , x 4 ), S(p)/I(p) is Cohen-Macaulay. In particular, S/I is generalized Cohen-Macaulay.
The above two examples, show that the class of monomial ideals with stable projective dimension, and the class of monomial ideals I such that S/I is a generalized Cohen-Macaulay ring, are disjoint. The following result, specifies the intersection of these classes. Recall that for a finitely generated S-module M, Assh(M) = {p ∈ Ass(M) : dim S/p = dim M}. x 3 , x 4 ). Since I is the edge ideal of a chordal graph, S/I is sequentially Cohen-Macaulay, by [4, Theorem 3.2] . R/I is a two dimensional ring, which is not CohenMacaulay and does not have the maximal ideal in its associated prime ideals. Therefore, depth S/I = 1 and pd S/I = 3. Let p = (
is of projective dimension 2. Hence I does not have stable projective dimension.
By definition, all monomial ideals I with depth(S/I) = 0, have stable projective dimensions. But S/I is not necessarily sequentially Cohen-Macaulay. Here is an example in the class of monomial ideals, with positive depth. 
Then pd S/I = 3. As all monomial prime ideals of height 3, are among the associated radical ideals, depth S(p)/I(p) = 0, which implies pd S(p)/I(p) = 3, for all p with height p = 3. Therefore, I has stable projective dimension. Note that, The following result is a consequence of Proposition 1.17 and Remark 1.14. 
Polymatroidal ideals with stable projective dimension
In this section we characterize some special classes of polymatroidal ideals with stable projective dimension. Let I ⊂ S = K[x 1 , . . . , x n ] be a monomial ideal generated in a single degree and G(I) be the unique minimal set of monomial generators of I. Then I is said to be polymatroidal, if for any two elements u, v ∈ G(I) such that deg x i (u) > deg x i (v) there exists an index j with deg x j (u) < deg x j (v) such that x j (u/x i ) ∈ I. In the sequel a monomial prime ideal p will be denoted by p {i 1 ,...,it} , where {i 1 , . . . , i t } = [n] \ {x i ; x i ∈ p}. Proposition 2.1. Let I ⊂ S = K[x 1 , . . . , x n ] be a polymatroidal generated in degree 2 with at least one pure power x 2 i ∈ I, for some 1 ≤ i ≤ n. Then I has stable projective dimension.
Proof. Without loss of generality, we may assume that I is fully supported. By [2, Proposition 2.1 (e)], after relabeling of the variables there exists integer 1 ≤ k ≤ n such that
where J is a squarefree monomial ideal in the variables x k+1 , . . . , x n . Set q := (x 2 1 , x 2 , . . . , x n ). Obviously q is one of the irreducible component of minimal primary decomposition of I. Hence m = √ q ∈ Ass(S/I), and depth S/I = 0. As m is the only monomial ideal with height equal to n = pd(S/I), I has stable projective dimension.
The following example shows that the condition of having at least one pure power is essential.
. I is matroidal ideal generated in degree 2. As S/I is not Cohen-Macaulay, I does not have stable stable projective dimension by Remark 1.18.
An interesting special case of polymatroidal ideals is that of ideals of Veronese type. Given positive integers d, a 1 , . . . , a n such that 1 ≤ a i ≤ d. We let I (d;a 1 ,...,an) ⊂ S = K[x 1 , . . . , x n ] be the monomial ideal generated by the monomials u ∈ S of degree d satisfying deg x i (u) ≤ a i for all i = 1, . . . , n. Monomial ideals of this type are called ideals of Veronese type.
For the proof of the next theorem, we need the following results.
Lemma 2.4. Let J be a Veronese type ideal of S and p be a monomial prime ideal of S with height p ≥ pd S/J. Then p ∈ V * (J).
Proof. Let J = I (d;a 1 ,...,an) with 1 ≤ a i ≤ d for all i, and p be a monomial prime ideal of S with height p ≥ pd S/J. If pd S/J = n, then m ∈ Ass(S/J) and height p ≥ n.
Hence Proof. First, we show that if I is a Veronese type ideal, then I has stable projective dimension. Let I = I (d;a 1 ,...,an) with 1 ≤ a i ≤ d for all i. If pd S/I = n, then there is nothing to prove. Now let pd S/I = n i=1 a i − d + 1. Let p ∈ V * (I) with height p ≥ pd S/I. We want to show that pd S/I = pd S(p)/I(p). We may assume that p = p {1,...,k} . Therefore,
Now we assume more generally that I = uJ is a polymatroidal, where J is a Veronese type ideal of S. Let p ∈ V * (I) with height p ≥ pd S/I. Then since pd S/I = pd S/J, it follows that height p ≥ pd S/J and also by Lemma 2.4, p ∈ V * (J). By the first part of the proof we know that pd S/J = pd S(p)/J(p). Hence pd S/I = pd S(p)/I(p), as desired. 
Let I be a transversal polymatroidal ideal, say, I = p 1 · · · p r for monomial prime ideals p 1 , . . . , p r . As in [8] we define the graph G I associated with I as follows: the vertex set of G I is [r] and {i, j} is an edge of G I if and only if
The projective dimension of a transversal polymatroidal ideal is readable from its connected components: Proof. Assume that I has stable projective dimension. Let I = p 1 · · · p r and H 1 , . . . , H s be the connected components of G I , and set I j = i∈H j p i . We first show that if |p i | ≥ 2 for each i ∈ [r], then G I is connected and I is fully supported or I is the power of a monomial prime ideal. For each j ∈ [s − 1], we choose i j ∈ H j , and set p = p {i 1 ,...,i s−1 } . Since i∈Hs G(p i ) ⊆ p, it follows that p ∈ V * (I). Moreover, height p = n − (s − 1) ≥ pd S/I = | supp(I)| − (s − 1), see Lemma 2.7. Therefore, since I has stable projective dimension, it follows that pd I = pd I(p).
Next we show that pd
, then pd I j (p) = 0, and the assertion is trivial because | supp(I j )| ≥ 2. On the other hand, if I j (p) = S(p), then by using Lemma 2.7, we obtain
where h ≥ 1 is the number of connected components of G I j (p) . So in each case we have that pd
. Therefore, by using Lemma 2.7, we get
which implies that s = 1. Hence G I is connected. Now, assuming that I is not the power of a monomial prime ideal, we show that I is fully supported. Suppose to the contrary that | supp(I)| < n. Since I is not the power of a monomial prime, there exist 1 ≤ j, k ≤ r and Conversely, it is obvious that I has stable projective dimension in the cases (a) and (b). Now, assume condition (c) is satisfied. Then Lemma 2.7 implies that pd I = n − 1, and hence depth S/I = 0, so I has stable projective dimension.
The following examples, show that stability property of projective dimension is not inherited by radical and power. 
